INTRODUCTION
Osterhout and Stanley,' and, more recently, these authors together with Kamerling ~, 3 have reported measurements on the simultaneous diffusion of one or more salts and water in cell models. The diffusion takes place between two aqueous layers, designated by A and C, which are separated by a non-aqueous layer, B. The composition of the aqueous phase A is held constant and carbon dioxide is passed through the phase C. The salts present in A are metallic salts of the non-aqueous material in B, this material being a weak acid. These salts diffuse through B, in which they are appreciably soluble, into C where they are converted almost entirely into the bicarbonates and are thereby "trapped" in this phase owing to the insolubility of the bicarbonates in the non-aqueous material of B.
The salt diffusion is accompanied by changes in the osmotic activity of the water in the various phases and this material consequently diffuses simultaneously with the salts. The direction in which water first diffuses depends upon the initial conditions of the experiment but after a short interval of time the solute concentration in C becomes greater than in A and water then diffuses from A, through B, into C at a rate which increases with the time. The rate of diffusion of i Osterhout, W. J. V., and Stanley, W. M., J. Gen. Physiol., 1931-32, 15, 667. 20sterhout , W. J. V., Kamerling, S. E., and Stanley, W. M., J. Gen. Physiol., 1933-34, :1.7, 445. 30sterhout, W. J. V., Kamerling, S. E., and Stanley, W. M., J. Gen. Physiol., 1933-34, :t'/, 469. 627 The Journal of General Physiology salt from A to C simultaneously decreases so that a steady state is approached in which the entrance of salts and water into C is in such a ratio that the concentrations prevailing there are not altered. Consequently, in the steady state the concentrations of the various substances in phase C remain constant although the volume of this phase increases linearly with the time.
In the first paper of this series 4 a theory was presented which satisfactorily accounted for the entire course of the diffusion in a cell model involving the movement of only one salt and water. It is the purpose of this paper to extend the theory to the simultaneous diffusion of two salts and water and to solve the resulting system of three differential equations for the steady state. The complete solution for this system of equations, which would thus permit the computation of the various time curves, has not yet been obtained. The solution for the steady state, however, is of special interest because it indicates the conditions under which the preferential accumulation of an electrolyte can occur. Moreover, it has also been shown 5 that the volume change of phase C with the time when the system is in a steady state is somewhat analogous to the growth of a living cell.
II

Formulation of the Equations
Since the results of this analysis are to be compared with a variety of salt pairs it is desirable to keep the various symbols as general as possible. The same nomenclature as used in the first paper will be retained, with the following generalizations which, it is hoped, will not prove confusing. The subscripts 1 and I refer to the guaiacolate of a cation of species 1 and the bicarbonate of the same species, respectively. The subscripts 2 and Ii refer to the corresponding salts of a second species of cation, while 0 refers to water.
Moreover, since no quantitative comparison between theory and experiment is possible, as will be shown in Section IV, it seems desir-4 Longsworth, L. G., J. Gen. Physiol., 1933-34, 17, 211 . s Longsworth, L. G., The theory of diffusion in cell models and volume changes analogous to growth, in Cold Spring Harbor symposia on quantitative biology, Cold Spring Harbor, Long Island Biological Association, 1934, 2, 218. able to simplify the expressions somewhat by means of the following conventions.
1. The variation of the partition coefficients at the two phase boundaries will be ignored, so that S% = S~.
2. The aqueous solutions will be considered ideal so that i ~ = .C =2.
3. The effect of the solubility of CO2 upon the water activity in phase C will be ignored in comparison with the effect of the salts.
The foregoing simplifications do not alter the form of the equations but merely serve to focus attention upon the relation of the most important parameters to the characteristics of the steady state.
In strict analogy to equations (6.2) and (6.3) of the first paper of this series the following equations may be written.
It should be noted that the same constant is used for the two equilibria Salh + H~CO, = SaltI + Ha Saltz + ttzCOs = SaltlI + Ha This is permissible since both equilibria reduce to the single ionic process,
Equations (2.2) and (2.3) have been formulated in a manner that is consistent with the definition of the partition coefficient as given in the first paper, namely
Moreover, the experimental values for S~, as reported by Osterhout and associates,* are also consistent with this definition and were measured in the presence of a second alkali guaiacolate in A so that the increase in the "effective concentration" of the first salt, due to the common ion of the second salt, is reflected in an increased value for the partition coefficient. Thus S~G = 0.95 when only KG is present in A and N~ = 0.00036, but the value of this partition coefficient is increased to 1.33 when NaG is also present in A at the same concentration. The latter value for S~:a must be used in the computations of this paper for systems involving sodium and potassium. If KG and NaG were completely ionized in A and the ions were perfect solutes, the "effective concentration" of KG, for example, could be identified with the ionic product, (N~) (N~). 3 Moreover, if KG was a perfect non-electrolytic solute in B, a partition coefficient defined by the relation N~o would be a constant independent of the concentration. Actually, however, the salts are neither perfect electrolytes in A nor perfect non-electrolytes in B. Consequently the partition coefficient defined by equation (2.5) is but slightly less dependent upon the concentration than that defined by (2.4). Shedlovsky and Uhlig 6 have been able to account for the variation of the partition coefficient with the concentration but were unable to express S as an explicit function of the latter. Neither their treatment nor the coefficient defined by equation (2.5) can be readily adapted to the present problem and, as explained above, the definition given by (2.4) will be used throughout this paper.
It should also be noted that in equations (2.1), (2.2), and (2.3,) the diffusion coefficient D and partition coefficient S for a given substance always occur as the product. Thus a salt for which D is large and S is small, relatively, will behave kinetically as one for which D is small and S large. The parameters which are essential to the theory are therefore the products D~S~, which will henceforth be written simply A and the equilibPi, the initial concentrations N~, the factor' Vaa A-~x' c rium constant K. The dependent variables are n c, n c, and n11, and 6 Shedlovsky, T., and Uhlig, H. It., J. Gen. Physiol., 1933-34, 17, 563. t is the independent variable. In subsequent expressions the superscript denoting phase C may be dropped without ambiguity.
III
Solution for the Steady State
Differentiation of the expressions n I N I --" no nli NII = __ no with respect to the time gives the relations
In the steady state, however, If R, denotes the ratio NIJNII s and P,/, the ratio P1/P2, this equation may be rewritten as
Equation ( and an entirely analogous expression may be derived for Nix,. Numerical computation is simpler, however, with the equation involving only the ratio, R,. This equation may be obtained by substituting the values for NI,, and Nm, as given by equations (3.6) and (3.7), into equation (3.8). The result, after rationalization, is
2P N~ ( P ffoN A N~(N~ + N~)
Substitution of this value of R, in equations (3.6) and (3.7) then gives NI. and NII , directly. Thus a computation of the concentrations in the steady state, by either equation (3.9) or (3.10), involves the solution of ordinary cubic Px P1 equations. In these expressions the ratios ~ and -P0 have been written as Pit, and P1/o, respectively, and it is evident that the concentrations in the steady state are functions of these ratios only and do not depend upon the individual values. It may be noted that the A term V~ is not present in equations (3.1) to (3.10) and hence has no effect on the concentrations in the steady state although the value of this factor will affect the time curve and the "growth" or volume increase of phase C after the steady state has been approached. The parameters which determine NIo , Nil., and R., are therefore PI/,, Pllo, K, N2, and N~.
IV
Comparison of Theory with Experiment
Osterhout, Kamerling, and Stanley *, a have studied experimentally the simultaneous diffusion of several pairs of alkali guaiacolates in the manner described in the introduction. However, in none of the series of experiments, with one exception, did they allow the diffusion to proceed until the steady state was definitely approached. Consequently any values for R, which might be computed from equation (3.10) would not be comparable with the experimental results obtained by these authors. However, the ratio, R, of the salt concentrations in phase C which they report might be expected to lie between the value, Ro, at zero time and R,, the value in the steady state. It seems worth while, therefore, to compute values of R,.
The experimental data which are essential for the following computations and comparisons are recorded in Table I . The results for a given salt pair and for a given concentration in phase A are grouped together. In the original presentation of the experimental results volume concentrations were used. These have been converted to 1 mole fractions with the factor ~ for the aqueous solutions and the 1 factor ~ for the non-aqueous phase. The first factor is the reciprocal of the number of moles of water in 1 liter of the aqueous phase, the number of moles of guaiacol in this phase being negligible; while 14.4 is the sum of the number of moles of guaiacol, 8.4, and the number of moles of water, 6.0, in 1 liter of the non-aqueous phase. Partition 55.5 coefficients on a volume basis must be multiplied by ~ in order to convert them to the mole fraction basis. The subscript 1 has been assigned to the salt with the larger partition coefficient so that the values of $1/~, which are recorded in Column 7 of Table I , are always greater than unity. NI (Column 5) is the concentration of the bicarbonate of cation 1 in phase C after the experiment had been in progress for the number of days recorded in the fourth column. R (Column 6) is the value of NI/Nn when NI has the value given in the preceding column. R is a rather complex function of NI and, since the latter shows considerable variation among the experiments of a given group, the average value of R which has been computed for each group in Table II has only qualitative significance. Before numerical computations with equation (3.10) can be made, values must be assigned to the various parameters. N~ and N~, which were equal to each other in every instance, are known from the conditions of the experiment, and $1 and S~ have been measured for all of the salt pairs which were studied. Moreover, it has been observed 3 that all of the alkali guaiacolates have essentially the same diffusion coefficients in guaiacol so that P1/~ becomes simply S~/2. The constants P1/o and K have not been measured independently but sufficient data have been reported for one diffusion experiment (Experiment 66), which was allowed to approximate to the steady state, to permit the evaluation of these constants. Thus in Experi' ment 66, for which $1/2 = Pl/2 ---2.14 and N~ = N~ = 0.0009, NIs In the numerical solution of equation (3.10) it has been found convenient to use the following standard procedure. Rewriting this equation as Substitution of this value for R, in equation (3.6) gives a value for Nu = 0.01317, these values for R, and Nu being identical with the The values of R, and Nu for the various series listed in Table I were computed as in the preceding example and are recorded in Rows 6 and 7 of Table II . The values of the parameters which were used in these computations are recorded in the first five rows of the table.
The average values of R from Table I are recorded in the eighth row  of Table II , while in the last row the values of St/2 are repeated, since St/2 is also the value of R at zero time or R0. 5 For the first three salt pairs in the table the value of R ..... ,. is intermediate between R, and R0 as would be expected. This is also true for the potassiumsodium series if an average of 1 Raver~e = ~ (2.2 + 2.3 + 1.4s) = 2.0 for all three series is taken. However, when considered individually, the potassium-sodium series show deviations from the expected behavior, although these deviations are of the same order of magnitude as the deviations of the individual values from the mean.
A comparison of NI, in a given column of Table II with the individual values of N1 for the corresponding series in Table I indicates that the experiments were usually interrupted long before the steady state had been approached. It may be significant, however, that in Experiment 108b, which was allowed to approach the steady state much more closely than any other experiment, the observed value for R --2.84 is in good agreement with the computed value for R, ---2.90.
Osterhout, Kamerling, and Stanley have also computed their resuits so as to be able to express the accumulation of a given alkali salt in C relative to cesium. Following the procedure of these authors the relative accumulation, expressed as per cent of the simultaneous value for cesium, has been plotted in Fig. 1 against the partition coefficient of the corresponding alkali guaiacolate, the experimental points being indicated by circles. In the notation of the present paper this 100 is a plot of -~-versus S~ for a series of salt pairs in which the subscript 1 (or i) refers to cesium. The author has computed values of R, for such a series by means of equation (3.10), retaining the values K 100 = 32 and Pl/0 = 0.443 $I, and the results, plotted as --, are indicated R, by the full curve in Fig. 1 . This curve represents the relative accumulation which would have occurred if the experiments had approximated to the steady state. The straight dashed line in Fig. 1 is a 
(
100~ and represents the relative accumulation which plot of ~ _ = S1/~/ occurs in the early stages of the experiment. Without exception the experimental points lie within the area bounded by the full and dashed lines, as required by the theory. The partition coefficients are plotted as abscissae. In the early stages of an experiment, before an appreciable amount of water has diffused into phase C, the rates of entrance of the two salts into that phase are in the same ratio as their partition coefficients. Consequently the straight dashed line in the figure indicates the accumulation, relative to cesium, in the early stages. As the experiment proceeds, however, the simple relations which hold initially are complicated by the simultaneous diffusion of water into C. This complication has been taken into account in computing the accumulation to be expected in the steady state, as shown by the fuli curve. The circles are the experimental values for systems which have not yet attained the steady state and lie entirely within the area bounded by the full and dashed lines, as required by the theory. Thus, for the system involving cesium and sodium, the concentration of cesium in phase C in the early stages of the experiment is about 7.8 times that of sodium. In the steady state, however, the Cs/Na ratio is only 2.7. The observed value of this ratio in an experiment which had not reached the steady state was 4. The theory, in its present state of development, has been designed to account for the results of diffusion in the cell models of Osterhout and associates. These models were developed in order to establish a possible mechanism for certain of the effects which are observed in the accumulation of electrolytes by living cells. The behavior of Vclonia macrophysa is a rather marked example of preferential accumulation of potassium ion from sea water and the cell is able to effect this accumulation without simultaneously developing a total salt concentration in the sap which is very different from that of the surrounding sea water. The following discussion of this cell in terms of the present theory may be of interest, although it cannot be too strongly emphasized that the theory in its present form is quite incapable of accounting for the fact that the chloride ion is the ionic species chiefly associated with the potassium and sodium ions in both the cell sap and the sea water. Disregarding this limitation of the theory, however, and focussing attention upon the concentration relations of the cations, the restrictions which are placed upon the various parameters by certain physical requirements may be investigated as follows.
If the subscript 1 refers to potassium and 2 to sodium, the composition of sea water in these two constituents may be taken as N~ = 0.012 0.50 Na/Na V., J. Gen. Physiol., 1930-31, 14, 285. These three parameters are essentially positive and K has been assumed finite but greater than unity. In equation (5.1), however, K is less than unity for 0 < Pin < 1 and becomes negative for 1 < P1/2 < 231. After passing through a discontinuity at P~/~ = 231, the value which renders the denominator of equation (5.1) equal to zero, the value of K then decreases with increasing values of P~/~. and hence 231 represents a lower limit to the physically possible values for Pin.
In a similar manner a lower limit of 0.117 may be assigned to P~/0.
It will be recalled that P~n D1S1 and similarly for P1/0. The -
D2S~'
variations which are observed among the diffusion coefficients of different crystalloids are relatively slight and, considered alone, are probably incapable of accounting for any pronounced deviations of the above ratios from unity. In fact, for the purposes of the present discussion, all diffusion coefficients may be assumed equal, so that Pin = S1/2 = SdS2, and P1/o = S~/So. On the other hand it should be possible to find potassium and sodium salts of the same anion whose partition coefficients in a two phase liquid system differ by a factor of several hundred and consequently the minimum value for S1/2 which was computed above is physically possible. On the basis of similar arguments, S1/o > 0.117 is not unreasonable. If the value of 100 be assigned arbitrarily to K, values of 396 and 0.2 may be computed for S~/2 and S1/0, respectively, from equations (5.1) and (5.2). Since examples are rare in which one of the components in a two component system in two liquid phases has a concentration greater than 0.5 in the phase which is richest in the other component, it is therefore probable that 0 < So < 0.5. If a value of 0.2 be assigned arbitrarily to So, then $1 = 0.04, and $2 = 0.0001, values which are physically possible, although indicating a rather low concentration of the potassium and sodium salts in the nonaqueous phase. Hence, an application of the incomplete theory to the rather extreme example of preferential potassium accumulation which is presented by Valonia does not involve any physical absurdities although this fact, of course, does not establish the validity of the mechanism which has been assumed.
THEORY OF DIFJ?USION IN CELL MODELS. II
SUMMARY
The differential equations describing diffusion in cell models have been extended to include the simultaneous penetration of water and two salts. These equations have been solved for the steady state. Values for the concentrations in the steady state which may be computed from the equations compare favorably with the experimental values obtained by Osterhout, Kamerling, and Stanley. Moreover, it has been shown elsewhere ~ that the solution for the steady state is essential to a discussion of the volume change or "growth" of phase C in the models and, by analogy, in living cells.
